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Topic 2: Gaussian processes
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The canonical text for Gaussian processes is

Rasmussen and Williams (2006).
Available free online (legally)!



http://www.gaussianprocess.org/gpml/chapters/
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Let’s return to predicting in the presence of
parameters 6.

p(f, | D) = / p(f. | D.6) p(¢ | D)o

1 p(f. | D) is the posterior for f,; this is our goal.
2 p(f. | D,0) are the predictions given 6.
3 p(0 | D) is the posterior for 6. Using Bayes' rule,

p(D | 0) p(6)

p(D)
That is, the parameter posterior is proportional to its
likelihood and prior.

The predictions are averaged over, weighted by the
parameter posterior.

p(| D)=
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Consider a linear model with a Gaussian prior.

That is, if we take a linear model for a function f(z),
p(f | D.0) = p(f | 0) = 6(f — 0 ),
where f, = f(z,), and a Gaussian prior for the parameter,
p(0) = N(0; p,v°),

and if we assume our data D are N iid noisy observations
of the function, D = {(;,2);i € [1,..., N}, we have

N

= HN(Z“ 0 z;,0%).

=1
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We can actually compute the posterior in the
linear-Gaussian case.

' : p(0)
plf | D)= 1 p, o) MU 1T g
p(f | D) /p(f | D, 0) D)
3 HTIY N R
:/6(](*_9%*)'/\/'(8’”77/ )HiAlN(Zuexug >d9
) 2 N Zif gt o? 2
:/5<f*—6’x*) N(e,u,u)lli:;l//v( 20,72)
Remember that A and A’ are constants wrt 4, and
1 1,2— oo
N(za,B?) = — eXp—§( 5 )
S i 8]

|2l \/27 (/)2 2% By
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We can actually compute the posterior in the
linear-Gaussian case.

p(fe | D)
= [~ g0 ML N C0.712)
2 LA
—/5(;&—9@/\[(9; APVEY x2 L )de
v2 + Zz* _2 v2 +szl 02

) N Tz
:N(f*; . MJFZ;ZI o 5, z )

V_2+Zi:1 0_22 _2 +Z7, 1 (72

Remember that for independent Gaussian measurements:
precisions add; the mean is a precision-weighted sum; and
a Gaussian prior is just like an additional measurement.
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Let's see Gaussian linear regression in action.

40 -
true values
30 J @ data
Bayesian linear fit
[ 1+2SD
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Let's see Gaussian linear regression in action.

40 -
true values

30 4 [ ] data
Bayesian linear fit

[ 1+2SD [ )
20 4
Y
10 4
0 A
710 T
0 2 4 6 8 10
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Let's see Gaussian linear regression in action.

40

30 -+

20 -

10 4

—10

true values

® data
Bayesian linear fit
[ +28D
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Notice anything?

40 -
true values
30 4 @® data . ‘
Bayesian linear fit
[£25D
20 4
Y
10 4
04
~10 4 ] ' . ] .
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The algorithm becomes increasingly certain
in its predictions, despite the linear model
being completely inappropriate for the data.

40 -
true values ®
30 4 ® data
Bayesian linear fit Py
[ ]+2SD
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The algorithm becomes increasingly certain
in its predictions, despite the linear model
being completely inappropriate for the data.

[FiEiES) Crreorcrons

The problem is that the expressivity of the
single-parameter linear model, f = 0z, is saturated by the

data. Increasing data means that the predictive variance,

Lﬁ, decreases, as we get more certain about 0.

—2 N T
DI P
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Non-parametric models have a number of
parameters (and hence an expressivity) that
grows with data.

PREDICTIONS

One example of such a model is a Gaussian process.
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Let's see Gaussian process regression in
action.

40
true values
® data
Bayesian non-parametric fit
20 +2 SD
Y
0
—20
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Let's see Gaussian process regression in
action.

40

true values

® data

Bayesian non-parametric fit
+2 SD
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Let's see Gaussian process regression in
action.

40
true values

® data
Bayesian non-parametric fit
+2 SD
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Let's see Gaussian process regression in
action.

40 -
true values

® data
Bayesian non-parametric fit
+2 SD

0 2 Bl 6 8 10
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The complexity adapts to the data, and the
predictive uncertainties are more honest.

40 -
true values
30 4 ® data
Bayesian non-parametric fit
[ 1+2SD
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Recall that the Gaussian distribution allows
us to produce distributions for variables
conditioned on any other observed variables.

— (i | 1) + 18D
—p(y1 | y2=—5,1) = \ean
10 4+ Observations
0.08 0
Yo 0.06 E ’
0 004> 5 o+

=~

0.02 E—

-10

<
-
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These properties hold as we generalise to ten
variables.

+1SD
— Mean
6/ T + Observations
5,
X
47 —
3_

12 3 4 5 6 7 8 9 10
t
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A Gaussian process is the generalisation to a

potentially infinite number of variables: a
function!

1.5

1
0.5 +1SD
y Mean

4+ Observations

A multivariate Gaussian is specified by a mean vector and
a covariance matrix. A Gaussian process is specified by a
mean function ;. and a covariance function K.
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Recall the multivariate Gaussian pdf is

N(x; p,

) =

1

Vavion

exp (= x = "S- )

where |273| is the determinant of the matrix that is 3 with

all its entries multiplied by 2.

23/77
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A covariance function must be positive
semi-definite, giving rise to positive

semi-definite covariance matrices.
A matrix X is positive semi-definite if, for non-zero vector v,

v S > 0.

Note that this means that X is symmetric and invertible (at
least where Y is not singular, an exceptional case), and

¥ ~! is positive semi-definite:

0< v o= (v D)1 (Z0) = (Zo) 7 'Sv=1u 2w

The Gaussian pdf is hence

1 ( 1 ) < 1
TGX - T.
emis[e T\ 2 BNCTSEPIRE
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Formally, for some function f(z) and points
Ty, Ty, X3, . . ., We write p(f) = GP(f i, K) if

SN
N5
o
e — |

That is, a Gaussian process gives a good old multivariate
Gaussian over any finite collection of function values.
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Recalling what you know about covariance

matrices, which of the following

Assuming z,2/ € [0,1) C R
1 K(z,2)=1—|z— 2|
2 K(z,2) = N(z;p, o).

26/77
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Which

1

K(z,2)=1—-|z— 2|

This is an example of a spline covariance, but that’s
not so important right now.

K(z, ) = N(z; p, ).

This function is not symmetric in x and 2/, meaning
that the covariance matrix will not be symmetric.
K(z, o) = Po(z; o).

Po(z;a') = L e is not symmetric in zand 7,
meaning that the covariance matrix will not be
symmetric.

K(z, ) =1-2z2.

For sufficiently large 1, K(z, x), which must be a
variance, will be negative. Hence the covariance
matrix will not be positive semi-definite.

27 /77
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The posterior mean and equations

follow simply from Gaussian identities.
Consider predicting for predictants f. = f(x.) given data
fa = flxa).

AR Ll ez [ K2, z) Kz, zg)
P ({fd} ) =N ( [ d} ’ LL(J,}/)} ’ L\"(j;,. r.) K(zg, ,1‘(/)})
where
Mg = p(22) + K(e, 20) K(24, 20) ™ (fa — 1(2a))
= K(z,, 1,) — K(2, 29) K(24, 0) " K(24, 7..).

Note that this all holds even if z, and z, are matrices, with
rows corresponding to instances, and columns to features.
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A Gaussian process can accommodate noise.

1.5
’

0.5 +1SD

\ Mean

0 -+ Observations
-0.5
-1
2 4 6 8 10
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We usually consider making independent and
identically distributed (I1D) Gaussian noisy
measurements y,, of f; giving

p(ya | fa) = HP Ya,i | fa1)
:HN yd,i;fd,i,UZ)
= N(ya; fa, 0 1a),

where I, is an identity matrix of length equal to that of y,.
Our predictive mean and variance become

m*\d - /,L(l'*) + K(.Z'*, l'd) (K(xd-, Id) + 0’2](071 (yd - M(Id))
= K(z., %) — K(z,, 20) (K24, 24) + UQId)flK(xd, Ty).
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We often want to address functions of time,
using Gaussian processes for tracking.

1.5
1 4
05 +1SD
> S a— Mean
0 4+ Observations
-0.5

—
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The prior mean function p(z) should be our
best guess (of any form) for the function y(z)
before any observations are made.

15

——mean function

10
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The prior mean function is the function our
inference will default to far from observations,
important for extrapolation.

15

© Data
— Mean
+1SD

10

-10+
-10 0 100 200
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Test points far from observations are an
important consideration for high-dimensional

data.

L. -
.
P

.‘l‘ ‘.
~ '.'
LS. -
A -
u g
o

"!iil-,,.

ey
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Here are my heuristics for selecting a mean

function.

Conditions

Mean function ()

Exceptionally
lazy

Ordinarily lazy

Interested only
in interpolation

Extrapolation
required

mean(y,)

constant, 6

Bespoke parametric model built using
domain knowledge
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Most mean and covariance functions are
specified by a small number (maybe 10 total)

of hyperparameters.
The parameters of the model are the values of the mean
and covariance function, of which there are a potentially
infinite number (one for every possible location and
another for every pair of locations).

Hence a Gaussian process's expressivity is potentially
unbounded despite a few hyperparameters having snuck
in through the back door.

We'll come back to discussion of how to manage these
hyperparameters (for which we'll use lowercase greek),
but, for now, we will collect them into a vector 6.
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Covariance functions allow us to incorporate
into our models.

30
— periodicity
20
. e delays between
. + Observations sSensors
Sensor 1
+1SD
—Mean

+ Observations

Sensor 2
+1SD
—Mean
O Observations
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Many common covariance functions express
that covariance decreases with increasing
Euclidean distance:

K(z,:6) = X f(@)

where fis a monotonically decreasing function, and d is
the Euclidean distance,

o) = [ (w22

7
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The hyperparameters A > 0 and w > 0 specify
our expected length scales of the function in
output (‘height’) and input (‘'width’) spaces
respectively.

1201 20}
100 10
80 w o
2 Yy
< 60
E A2 -10
40
20 Data
20 —Mean w
+1SD
ot— -30

0 10 20 30 40 0 50 100
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The exponentiated quadratic covariance is
useful for smooth data:

1,d(z o
K(x,m’;@):)\QeXp—i( (i >)2
Draws
WM
\/\,\—\/\w
5
3 ®
9: & 0\/\
X = ®
0 X -5

All plots courtesy of David Duvenaud.

40 /77
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Use the rational quadratic covariance for data
that is smooth across a range of length

scales: Kz 6) = \? (1 N L(du, :a)>2) -

2 w

Draws

—\/“-’\//\/\’\’\4\/\/\

N VAl Yl

K(O, X)
f(2)
o




Advanced Probability Theory 2018-2019 42/77

The Matérn class of covariances are useful for
functions of variable smoothness:

d(x,z’)>;

/. —1 — )\2 _
K(z,2;0,v = 1/)2) exp( -

K(z,2;0,v =3/2) = )\2(1 + \/5@) exp(—\@

d(z, o) ) |

w

we Squared exponential
----- Matérn, v = 2
— Matém, v = 3

oles

K(0. 23
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The periodic covariance is useful for periodic

data: 2
sin(md(x,
K(:z:,z’;@)/\2exp<2( (el )/P)) );

w

where p is the period and w controls the roughness.
Draws

NN e~
AN

K(0, x)
f(z)

o
|
(&)}
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The covariance exactly corresponds to
an affine model with Gaussian priors:
K(z,2;0) = o® + *(z — ) (2 —7);
recall our derivation at the start of this topic.

Draws
57 -
< . x
> 20
-5



Advanced Probability Theory 2018-2019 45 /77

We can create new covariance functions by
adding and/or multiplying other covariance
functions.

<& x (I +

Multiplication (and) corresponds to covariance being
dependent on similarity under both terms.

Addition (or) corresponds to covariance being dependent
on similarity under either term.
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When a function is the sum of two

independent functions:
use a covariance that is the sum of the covariances for
those two functions,

Ko(z,2') + Ky(z, o).
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When a function is the product of two

independent functions:
use a covariance that is the product of the covariances for
those two functions,

Ka(‘r7 lj)Kb(Iv Z/) + Ka(xv Z/)Mb(x)ﬂb(zl) + Kb(% l/)Ma(I)Ma(lj)'

* Data
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The linear plus periodic covariance:

Draws
5
E} *
v 0 = %
-5
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The linear times linear covariance;

Draws

o=

/\\/‘/\

K(0, x)
f(@)

o

&
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The linear times exponentiated quadratic
covariance:

Draws
5
02 x
z 0 = *
-5

50 /77
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The periodic times exponentiated quadratic
covariance:

Draws
5
X o
Q 3 0 W/\"'
N4 = %
0 -5
X
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Which covariance function might you use to
model historical fur sales in the US?

-2

-4

-6

910 1920

- - — — —

1850 1860 1870 1880 1890 1900

Plot courtesy of David Duvenaud.
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T 1
910 1920

- - - ==

T T T T T T
1850 1860 1870 1880 1890 1900

Which covariance function should you choose?
1 Rational quadratic times periodic.
2 Exponentiated quadratic.
3 Exponentiated quadratic plus periodic.

4 Matémn, v = 1.

53/77
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x10* RQ x CS x CS x CS x CS x CS x Per

T
910 1920

T T T T T T
1850 1860 1870 1880 1890 1900

NB

—_

N

Which covariance function should you choose?
: there is no ‘right’ answer!

Rational quadratic times periodic.
Exponentiated quadratic.
Exponentiated quadratic plus periodic.
Matérn, v =

1
oL

54 /77



Advanced Probability Theory 2018-2019 55/77

We can create covariances for functions of

many dimensions.
1 We can simply use the Euclidean distance in R";
2 Alternatively, we can take a covariance that is the
product or sum of covariances, one for each
dimension:

Kl(xl,x1>K2(xg,x’2) or Ki(m, )+ Ko(xs, 7).
%

0 0

2 10 -10 -(2)
) .I‘(l) K

20

40

10 10 10

L 10710
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We tackle multiple outputs with

co-regionalisation.
If the ith output is fi(z), rewrite as ¢(1, ) = fi(z). Then we
can take a covariance for g of the form K (1, ) Kx(x, o).

20 h$"

Note that if there are 3 outputs, K is specified by a 3 by 3
positive semi-definite matrix.
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Recall Gaussian distributed variables are joint

Gaussian with any affine transform of them;
this includes rotations, scalings and translations.

10 10
5 5
2 2
-5 -5
BT, 0 T ax,*bx,*c

This means we can use observations of e.g. az; + bz + ¢
to infer e.g. z; in closed form.
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A function over which we have a Gaussian
process is joint Gaussian with any integral or
derivative of it, as integration and
differentiation are affine.
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Hence we can include derivative observations
into our Gaussian process.

[+ 1sD

-1 —Mean
_2 + Observations
-3
-4
-5
-6
_7 \5
0 +1sD
—Mean
-6 + Observa tions

— Gradient Observations
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We can also use observations of an integrand
¢ to perform inference for its integral, Z: this is
known as Bayesian quadrature.

x samples

GP mean

GP mean & SD

expected Z
p(Z|samples)

— draw from GP

— draw from GpP

draw from GP

i;-j

OXFORD
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Hyperparameters can have a
on inference.

The input scale for A is short, longer for B and longest for

C.
3 ‘ ‘
+
27 w
volr s e e e TR

4 Observations
Mean A
= Nean B

Mean C

40
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Maximum likelihood and are popular
approaches to setting hyperparameters.

Aren't maximum likelihood and MAP bad? Yes!

However, here we are using them for hyperparameters:
our parameters (the function values) are properly
marginalised.

The further up the hyper-chain you go, the less influence
your approximations should have: let's justify the use of
maximum likelihood for this setting.
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We need to approximate the usual ratio of
integrals:

_ Jo(f ] ya.0) p(0) dé
B S p0)dg

p(fe | Ya)

where p(f. | y4,0) are the predictions, is the
likelihood and p(¢) is the prior.

Maximum likelihood and maximum a-posteriori (MAP)

approximate these integrals be approximating the

likelihood ( ) and posterior (proportional to
p(0)), respectively, as delta functions of 6.
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Maximum likelihood and are popular

approaches to setting hyperparameters.

The GP log-likelihood is (where n, is the number of data
Ya)

log p(ya | 0) = —%(yd — p(12) (K 2a) + 0°12) " (ya — ()

7
~
penalises mismatch between prior and data

1
—3 log det(K(z4, z4) + 0*1;) — % log 27;

~~ g ~~ >
penalises model complexity constant

w1 and K are both functions of 6. Note that many of our
hyperparameters 6 (e.g length scales w and \) are strictly

positive: it is common to reparameterise to optimise over
the logarithms e.g w = log w.
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The first term in the log-likelihood will deform

the prior to match the data.
The first term is the log-density of (an un-normalised
version of) the Gaussian prior evaluated at the data,
1

2 (ya— M(xd))T (K(z, 2a) + 021) " (ya — p(a)).

Yo

Y1
h

log-density low log-density high
= likelihood term low = likelihood term high
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The second term in the log-likelihood will
penalise excessive complexity: the ability to

explain too much data.
Let's write use the eigenvector decomposition

K(-Tch l‘d) + 0'2[d = RART

where R is an orthogonal (rotation) matrix and A is the
diagonal eigenvalue matrix. The second term in the
log-likelihood can hence be written as

1 2
—Elogdet( K(xg, zq) + 0°1y) = ——logHA”

That is, this term is largest when the product of
eigenvalues of the covariance matrix is smallest.
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The second term in the log-likelihood will

penalise excessive complexity.
This term is largest when the product of eigenvalues of the
covariance matrix is smallest: when the model is
compatible with very few datasets.

Y2

A
’ Aiq

1,1

hn
Y1

product of eigenvalues small product of eigenvalues large
= likelihood term high = likelihood term low
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Optimising the likelihood will push the prior
mean . to fit the data y, exactly.

Y2

hn

The Gaussian process is bolted onto a parametric model:
the prior mean. Doing maximum likelihood for a
parametric model will lead to exactly this kind of
over-fitting, as we know! We get around this in practice by
taking only very simple prior mean functions that can't do
much damage if we use maximum likelihood.
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The key computational bottleneck associated
with Gaussian processes is resolving K !v,

Solving such equations crops up in many places:

9\ —1
myya = p(z) + Kz, 2q) (K(:I;d, Tq) + (rzfd) (yd — /1,(f1;d));
Coio = K@, 0) — K(2, 24) (K(24, 20) + 0°10) " K, )5

1 . -
log p(yq | 0) = —§(yd — u(avd))T (K(:I;d, Tq) + azld) l(yd — /I,(ZIJd)>

1
b log det(K(zq4, z4) + 0> 1) — % log 2.
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Note that computing K 'vis equivalent to

You should never explicitly compute a matrix inverse.
Matrix inversion is O(n3) for a matrix of size n,.

Worse, matrix inversion is relatively unstable and
susceptible to conditioning errors.
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Conditioning issues emerge when some of
your data is excessively self-similar, leading to
high covariances.

K(z,21) Kz, 1) K(z1,13)
K(mp, 1) K12, 15) K(22,23)
€.g. K(xd’ xd) - K(iL‘?” l’l) K(Ig, 5132) K(Ig,, I3)

[1.00000 0.99999 0.99998
0.99999 1.00000 0.99999
— 10.99998 0.99999 1.00000

where the first two rows might be identical to four
significant figures.
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Conditioning is ameliorated by noise.

e.g. K(zg, z4) + 01y

[ K(21,21) + 02 K(z, 1) K(x, x3)
K(x%xl) K<w27$2) +0° K<m27x3)
= K(as, 1) K(x3, 1) K(z3,23) + 0
1.00000 + o 0.99999 0.99998
0.99999 1.00000 + o 0.99999
- 0.99998 0.99999 1.00000 + o

For this reason, we often assume noise where there isn't,
or add on a small amount to o (known as jitter), so as to
combat conditioning.
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As jitter is, essentially, artificial noise, it
artificially dilutes the informativeness of data.

1.5
1

0.5 +1SD

\ Mean

0 -+ Observations
-0.5
-1
2 4 6 8 10
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The Cholesky factorisation of a positive
semi-definite matrix is faster than inversion
(1/30(n3)) and is more numerically stable.

K(zg,24) + 0°I;= R'R
where

R= ChOl(K($d, $d) + 0'2[d)
Rll RIQ R13
0 R22 R23
— 10 0 Ras
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The Cholesky factor R can be used to solve

v= Kuusing O(ny) back-substitution.
Given vand R (where K = R' R), we find u as

v= Ku
Ty ’

=v=R 4 and 4 = Ru

'U1_ _Rll 0 0 i _Ull_

(%] R12 R22 0 e U/2
= v3| = | Rz Rag Rz --- Uy

Ull Ry Rip Ris Uy

U/2 0 RQQ R23 U
= Ué - 0 0 R33 Uus
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The Cholesky factor can also be used to

compute the determinant.

Recall
.

log p(ya | 0) = —%(yd — plw2)) (K(wa,20) + 0°10) " (ya— plza))

1 5
— 51();), det(K(zyq, xq) + 0°14) — % log 2.

Now logdet 2 R =log(det R detR)
= log(det Rdet R)
= 2logdet R
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In summary,

1 The Gaussian process is a flexible, non-parametric,
distribution for functions.

2 The controls extrapolation.
3 The covariance function encodes structure about the
function.

4 Covariance functions can be combined and modified.

5 Maximum likelihood can be used for Gaussian
process hyperparameters.

6 helps with the computational
challenges for Gaussian processes.



